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Sessions 20 & 21

• Introduction to mediation
• Analysis of mediation studies
• Design of mediation studies



Main, Moderation, Mediation

• Main

• Moderation

• Mediation



Main Effects

• Most studies initially focus on main or average 
effects
– Main effects describe whether a program works on 

average
• Main effects studies are limited in their capacity 

to comprehensive assessments and evidentiary 
bases from which to draw inferences



Moderation

• Do effects vary by subgroup or context? 
• A moderating variable is a pretreatment variable 

that interacts with the treatment such that the 
impact of the treatment depends on the value of 
the moderator variable

• Moderation addresses for whom and under 
what circumstances a treatment is effective



Mediation

• Mediation analyses unpack the pathways or 
intermediate variables through which the 
treatment operates on the outcome 
– Tests a theory of action
– Informs how a treatment works and identifies 

any breaks in a theory



Moderation v. Mediation
• Moderation: heterogeneity in treatment effects 

across subgroups and conditions/contexts
– Introduces interaction between treatment and 

pretreatment variables to probe differential effects
• Mediation: probes the mechanisms through 

which a treatment impacts an outcome
– Introduces intermediate variables (post-treatment 

but pre-outcome) that lie on the causal pathway 
from the treatment to outcome to probe the theory 
of action



Example Context 
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Raudenbush, S., & Sadoff, S. (2008). Statistical inference when classroom quality is 
measured with error. Journal of Research on Educational Effectiveness, 1(2), 138–154.



Context



Context
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Context
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Context
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Mediation
Sample of 
Schools

Implementation

Assess

Compare Inference on 
intervention
…

Blackbox

Measuring the 
process helps to 
open up the 
blackbox

Theory failure 
or 
implementation 
failure?

Mediator



Example
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Student 
Learning

Teacher 
Professional 
Development

Teacher 
Instruction



Main or 
total 
effect

Mediation

Outcome (Y)
(Student Achievement)Treatment (T)

(Professional Development)

Mediator (M)
(Instruction)

Indirect or 
mediated 

effect
(ab)

direct
effect
(c’)



Examples
• Whole school intervention → Instruction→ Achievement
• Therapy → Engagement→ Outcome

– E.g., Patient engagement
• Treatment → Attitude→ Outcome

– E.g., Motivational interviewing
• Treatment → Fidelity → Outcome

– E.g., Patient fidelity to treatment with side effects
• Professional Development→

Knowledge →Instruction→ Achievement



Single Level Example

Health 
Outcome

New 
Medicine

Fidelity



Simple single level mediation
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Outcome

Mediator

Treatment
a b

c’

OutcomeTreatment c
0i i iY cT eβ= + +

0i i iM aT eβ= + +

' ' '
0i i i iY b M c T eβ= + + +

total effect = indirect effect + direct effect

c =    ab +      c’



Assumptions: Sequential Ignorability
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• Historical literature has generally treated 
estimates of mediation as causal
– Causal inference regarding mediation requires 

that BOTH the treatment and mediator be 
randomly assigned or are ignorable

– Random assignment of treatment ensures 
there are no pretreatment confounders that 
explain the observed outcome differences

– Random assignment of the mediator ensures 
there no outcome-mediator confounders



Sequential Ignorability

Outcome

Mediator

Treatment

Outcome-Mediator 
confounder

Pretreatment 
(Outcome-treatment) 

confounder

Treatment-Mediator 
confounder



Sequential Ignorability

Outcome (Y): 
Achievement

Mediator (M): 
Practice time

Treatment (T):
Tutor program

Confounder (X): 
Prior Achievement

𝑀𝑀𝑖𝑖 = 𝛽𝛽0 + 𝑎𝑎𝑇𝑇𝑖𝑖 + 𝛽𝛽1𝑋𝑋𝑖𝑖 + 𝑒𝑒𝑖𝑖

𝑌𝑌𝑖𝑖 = 𝛽𝛽0𝑌𝑌 + 𝑏𝑏𝑀𝑀𝑖𝑖 + 𝑐𝑐′ 𝑇𝑇𝑖𝑖 + 𝛽𝛽1′𝑋𝑋𝑖𝑖 + 𝑒𝑒𝑖𝑖𝑌𝑌



Assumptions: Correct Specification
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• Our models of mediation often differ from the 
truth 

• Just because we estimate the model 
T → M → Y

does not ensure that the relationships are 
causal
– Inferences are sensitive and susceptible to 

specification bias



Correct Specification

Outcome: 
Achievement

Mediator: 
Practice time

Treatment:
Tutor program

𝑀𝑀𝑖𝑖 = 𝛽𝛽0 + 𝑎𝑎𝑇𝑇𝑖𝑖 + 𝑒𝑒𝑖𝑖
𝑌𝑌𝑖𝑖 = 𝛽𝛽0𝑌𝑌 + 𝑏𝑏𝑀𝑀𝑖𝑖 + 𝑐𝑐′ 𝑇𝑇𝑖𝑖 + 𝛽𝛽1𝑀𝑀𝑖𝑖𝑇𝑇𝑖𝑖 + 𝑒𝑒𝑖𝑖𝑌𝑌

TxM

Mediator: 
Practice time



Correct Specification

Outcome: 
Achievement

Treatment:
Tutor program

Mediator: 
Quality

𝑀𝑀𝑖𝑖
(1) = 𝛽𝛽01 + 𝑎𝑎1𝑇𝑇𝑖𝑖 + 𝑒𝑒𝑖𝑖1

𝑌𝑌𝑖𝑖 = 𝛽𝛽0𝑌𝑌 + 𝑐𝑐2𝑀𝑀𝑖𝑖
(2) + 𝑐𝑐2𝑀𝑀𝑖𝑖

(1) + 𝑐𝑐′ 𝑇𝑇𝑖𝑖 + 𝑒𝑒𝑖𝑖𝑌𝑌
𝑀𝑀𝑖𝑖

(2) = 𝛽𝛽02 + 𝑏𝑏1𝑀𝑀𝑖𝑖
(1) + 𝑎𝑎2𝑇𝑇𝑖𝑖 + 𝑒𝑒𝑖𝑖2

Mediator: 
Practice time



Testing for mediation effects
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 ab is an estimate of the mediation effect (when 
there is not an interaction between T, M)

 Several possible approaches to test whether ab 
is nonzero and they differ in their power and 
type 1 error rates

Outcome

Y

Mediator

M
Treatment

T

a b

c’



Tests of Mediation
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• Some Common Tests of mediation

– Sobel test 
– Test of joint significance
– Monte Carlo interval test 
– Bootstrap resampling 



Sobel test

• Compare z =          to a standard normal distribution

• Confidence interval around ab
CI = 

• Tends to be most conservative (lowest power and 
low type1 error rate relative to other tests) 
because distribution of ab is only approximately 
normal in large samples

abse
ab

))(( abcritical sezab±



Joint significance approach
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1) Test a path
2) Test b path
*If both are significant then infer mediation

--Power is good approximation to more complex 
methods
--Type I error rate slightly lower than expected

Outcome

Mediator

Treatment

a b

c’



Monte Carlo Interval Test
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• Estimates empirical distribution of the ab product using 
resampling based methods (similar to parametric 
bootstrapping)
– Draw samples of a and b from their respective 

distributions, multiply them and repeat to approximate the 
posterior distribution of ab

– If CI does not include zero, then infer mediation
• Does not require full data (useful for design purposes)
• Does not assume the sampling distribution of the indirect 

effect is symmetric
• Typically found to be very powerful and comparable to 

bootstrap based intervals



Bootstrap resampling methods
• Estimates empirical distribution of the ab product 

using resampling based methods (similar to MC 
interval test)

• Several variations
– Parametric percentile (resample residuals)
– Non-parametric percentile (resample cases)
– Bias-corrected versions of both (correct for 

difference between point estimate and median of 
empirical distribution)

• Typically found to be most powerful and accurate



Mediation in 
Cluster Randomized Trials



Mediation in 
Cluster Randomized Trials
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• Lots of combinations and models depend on level 
at which each variable is assessed: T → M →Y, 
e.g.,
– Upper-level mediation [2→2→1]
– Cross-level mediation [2→1→1]
– Three level and sequential mediation versions 

e.g.,  [3→2 → 2 →1] when considering how 
school randomized professional development 
programs impact student achievement via 
instruction (via teacher knowledge)



Simple 2-2-1 Mediation
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• Imagine a cluster randomized trial that assigns 
teachers to receive different amounts of 
professional development (PD). The aim of this 
PD is to improve the teachers’ quality of 
instruction (IQ) so that, in turn, students’ 
achievement (Y) increases.

Student 
Learning

Professional 
Development

Teacher 
Instruction

Class Level 

Student Level



2-2-1 Mediation Model
2-2-1 mediation

Mediation model
Class level

Outcome model
Student level
Class level

𝑀𝑀𝑗𝑗 = 𝜋𝜋0 + 𝑎𝑎𝑇𝑇𝑗𝑗 + 𝜀𝜀𝑗𝑗𝑀𝑀 𝜀𝜀𝑗𝑗𝑀𝑀~𝑁𝑁(0,𝜎𝜎𝑀𝑀|
2 )

𝑌𝑌𝑖𝑖𝑗𝑗 = 𝛽𝛽0𝑗𝑗 + 𝜀𝜀𝑖𝑖𝑗𝑗𝑌𝑌 𝜀𝜀𝑖𝑖𝑗𝑗𝑌𝑌~𝑁𝑁(0,𝜎𝜎𝑌𝑌|
2 )

𝛽𝛽0𝑗𝑗 = 𝛾𝛾00 + 𝑏𝑏𝑀𝑀𝑗𝑗 + 𝑐𝑐𝑐𝑇𝑇𝑗𝑗 + 𝑢𝑢0𝑗𝑗 𝑢𝑢0𝑗𝑗~𝑁𝑁(0, 𝜏𝜏𝑌𝑌|
2 )

T

Y

a
M

b

c'

Level 2

Level 1



Example in R



Imagine a cluster randomized trial that assigns teachers 
to use a new curriculum or the conventional curriculum. 
The theory of action underlying the curriculum is that it 
will improve student engagement which will in turn 
improve achievement.

Curriculum

AchievementEngagement

Student Level (or Level 1)

Class Level 

Simple 2-1-1 Mediation



Multilevel Decomposition of 
Endogeneous Variables

𝐴𝐴𝐿𝐿2

A

𝐴𝐴𝐿𝐿1

Class Level (or Level 2)

Student Level (or Level 1)

E

𝐸𝐸𝐿𝐿2

𝐸𝐸𝐿𝐿1

C



Classroom Engagement

𝐴𝐴𝐿𝐿2

A

C

𝐴𝐴𝐿𝐿1

Class Level (or Level 2)

Student Level (or Level 1)

𝐸𝐸𝐿𝐿2

E

𝐸𝐸𝐿𝐿1

a B
c'

b1



Classroom Engagement

𝐴𝐴𝐿𝐿2

A

C

𝐴𝐴𝐿𝐿1

Class Level 

Student Level

𝐸𝐸𝐿𝐿2

E

𝐸𝐸𝐿𝐿1

a B
c'

𝐸𝐸𝑖𝑖𝑗𝑗 = 𝛽𝛽0𝑗𝑗 + 𝑟𝑟𝑖𝑖𝑗𝑗 ,
𝛽𝛽0𝑗𝑗 = 𝛾𝛾00 + 𝑎𝑎𝐶𝐶𝑗𝑗 + 𝑢𝑢0𝑗𝑗

𝑌𝑌𝑖𝑖𝑗𝑗 = 𝛽𝛽0𝑗𝑗 + 𝑏𝑏1𝐸𝐸𝐿𝐿1 + 𝑟𝑟𝑖𝑖𝑗𝑗
𝛽𝛽0𝑗𝑗 = 𝛾𝛾00 + 𝑐𝑐′ 𝐶𝐶𝑗𝑗 + 𝐵𝐵 𝐸𝐸𝐿𝐿2 + 𝑢𝑢0𝑗𝑗

Mediator Model Outcome Model



Example in R



End of Session 20

• Break until 1030am

• Questions, Comments, & Feedback
ben.kelcey@gmail.com

mailto:ben.kelcey@gmail.com
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